Module 3: Ordinary Differential Equations

L esson 27

Linear Differential Equation of First Order

In this lesson we shall learn linear differential equationdirst order. Such equations
are very often used in applications. Solution strategiesobfing such equations will be
discussed. Further a another special form of differentyalagion which can be reduced
to linear differential equation of first order will be studie

27.1 Linear Differential Equation

A first order differential equation is called linear if it cae written in the form

% + P(x)y = Q(x) (27.1)

whereP and@ are constants or function afonly.

A method of solving (27.1) relies on multiplying the equatioy a function called inte-
grating function so that the left hand side of the differaindiquation can be brought under
a common derivative. Suppo&&r) is an integrating factor of the (27.1). Multiplying the
(27.1) byR(x), we obtain

R(x);l—z + P(z)R(x)y = Q(x)R(x) (27.2)

Suppose, we wish that the L.H.S of (27.2) is the differerd@@fficient of some product.
Clearly, the termR(:c)j—g can only be obtained by differentiating the prod&ct)y(z). In
other words, we wish to have

dy d

R(z)7— + P(2)R(2)y(z) = —(R(z)y(z)). (27.3)
This implies
dy ro ™ 4 B
R(x) 22 + P@)R(x)y(x) = ()2 +y(a) =
On cancelling the first term on both the sides we obtain
P(z)R(x)y(x) = y(x)% = d—; = Rdx.
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Integrating the above equation, we gtk = [ Pdz. Note that the constant of integration
is not important here because the integrating factor wilubed to multiplying both the
sides of the differential equation and therefore it will lzcelled. Thus, an integrating
factor (I.F.) of the differential Equation (27.1) is

R = ¢l Pdz (27.4)
The Equation (27.2) now reduces to
d
@( y) = QR

By integrating above equation, we have

Ry = /Rde +c,

or
yef Pdz _ /Qef Pdz iy + ¢,

which is required solution of given differential equatiddereC is the constant of inte-
gration.

27.2 Example Problems

27.2.1 Problem 1

d
SO|Vexcosxd—y +y(zsine +cosz) =1, 0<z<m/2.
T

Solution: We rewrite the given equation as

dy 1 sec x
dx+(anx+x) -

An |.F. of the given differential equation is

[(tanz+21)dz _ logasec

(& = Irsecx.

Hence, the required solution is
yrsecxr = /sec2 xdx + ¢,

or

yrsecx = tanx + ¢,

where,c is an arbitrary constant.
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27.2.2 Problem 2

Solve (1 + xz)g—i =z(1 —vy).

Solution: Rewriting the given differential equation in standard form

dy x x
ar 2Y = 2
de 14+ 1+

The L.F. is
LF = Tr® —edln(e®) /1702

The solution is

\/ 2 _ r _ 2y—1/2
yv1i+zx —/m+c = y=1+c(l+2%)

Herec is an arbitrary constant.

27.3 Equations Reducibleto Linear Form

A equation of the form

dy

f’(y)% +Pf(y) = Q, (27.5)

can be reduced to linear form, by substituting) = v so thatf’(y)g—g = dv/dx. The
Equation (27.5) then becomes

dv/dx + Pv = Q, (27.6)

which is linear inv andz and its solution can be obtained with the help of I.F. as leefor
Thus, we have an |.F.z/ »¥ and the solution is

vel PAT — /Qef Pdz gy 4 c.

Finally, we replace by f(y) to obtain the required solution.

27.4 Example Problems

27.4.1 Problem 1

d
Solve d_y cosy + 2xrsiny = .
T
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Solution: Substitutionsin y = v which impliescosy % = v reduces the given differential
equation to

v
dx+ xTv X

This is a linear differential equation of first order and is ise/ 224 — ¢*”. The solution
of the equation in is given by

2 2 1 2
ve’ :/xex dz + ¢ :>v:§—|-ce_x.

Replacingy by sin y we get the required solution as
1
y =sin ! <§ + ce_x2> :

27.4.2 Problem 2

d
Solve & 4 zsin 2y = a3 cos? y
dx
Solution: Dividing the given differential equation hys? y, we obtain

d
sec? y—y + 2z tany = 2.
dx

. d .
Puttingtany = v S0 thatsec? y 3£ = 2. Hence the above equation becomes

d
—U+2xv =13,

dx

which is linear. Its I.F. is** and its solution is given as follows

2 2
vet = /em 3dx + ¢,

1
ve® = §( 2 _ 1)6I2 +c.

Replacingy by tan y we obtain the required solution.

27.5 Bernoulli’s Equation

An equation of the form

dy/dx + Py = Qy" (27.7)



Linear Differential Equation of First Order

where P and @ are constants or function af only andn is constant except and1 is
called Bernoulli differential equation. This equation aasily be solved by multiplying
both sides by~ as

y "dy/dx + Py'™" = Q (27.8)

Settingy! " = v, so thaty "% = (;n)%, the Equation (27.8) becomes

dv/dx + P(1 —n)v =Q(1 —n),
which is linear inv andz. Its I.F. ise/ (1-m)d= and hence the required solution is

yl—nefP(l—n)dx _ /vQefP(l—n)dmdx_'_C7

wherec is an arbitrary constant.

27.5.1 Example

SO|Vex@ +y=y’lnz.
dx

Solution: Rewrite the given equation

y_2@ + ly_l =z llnz (27.9)
de

Puttingy ! = v so that-y 2% = 4v. Then the Equation (27.9) gives

T

— — —v=gz'lnz (27.10)

The I.F. of the differential Equation (27.10) ds / zdv = 1, and hence the solution be-
comes

1
v— = —/x_2 log zdzx + ¢
x

or by replacing by y~! we get
y l=1+Inz+ cx,

wherec is an arbitrary constant.
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