
Module 3: Ordinary Differential Equations

Lesson 27

Linear Differential Equation of First Order

In this lesson we shall learn linear differential equationsof first order. Such equations

are very often used in applications. Solution strategies ofsolving such equations will be

discussed. Further a another special form of differential equation which can be reduced

to linear differential equation of first order will be studied.

27.1 Linear Differential Equation

A first order differential equation is called linear if it canbe written in the form

dy

dx
+ P (x)y = Q(x) (27.1)

whereP andQ are constants or function ofx only.

A method of solving (27.1) relies on multiplying the equation by a function called inte-

grating function so that the left hand side of the differential equation can be brought under

a common derivative. SupposeR(x) is an integrating factor of the (27.1). Multiplying the

(27.1) byR(x), we obtain

R(x)
dy

dx
+ P (x)R(x)y = Q(x)R(x) (27.2)

Suppose, we wish that the L.H.S of (27.2) is the differentialcoefficient of some product.

Clearly, the termR(x)dydx can only be obtained by differentiating the productR(x)y(x). In

other words, we wish to have

R(x)
dy

dx
+ P (x)R(x)y(x) =

d

dx
(R(x)y(x)). (27.3)

This implies

R(x)
dy

dx
+ P (x)R(x)y(x) = R(x)

dy

dx
+ y(x)

dR

dx
.

On cancelling the first term on both the sides we obtain

P (x)R(x)y(x) = y(x)
dR

dx
⇒

dR

R
= Rdx.
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Integrating the above equation, we getlogR =
∫

Pdx. Note that the constant of integration

is not important here because the integrating factor will beused to multiplying both the

sides of the differential equation and therefore it will be cancelled. Thus, an integrating

factor (I.F.) of the differential Equation (27.1) is

R = e
∫
Pdx (27.4)

The Equation (27.2) now reduces to

d

dx
(Ry) = QR

By integrating above equation, we have

Ry =

∫

RQdx+ c,

or

ye
∫
Pdx =

∫

Qe
∫
Pdxdx+ c,

which is required solution of given differential equation.HereC is the constant of inte-

gration.

27.2 Example Problems

27.2.1 Problem 1

Solve x cosx
dy

dx
+ y(x sinx+ cosx) = 1, 0 < x < π/2.

Solution: We rewrite the given equation as

dy

dx
+ (tan x+

1

x
) =

sec x

x
.

An I.F. of the given differential equation is

e
∫
(tanx+ 1

x
)dx = elog x sec x = x sec x.

Hence, the required solution is

yx secx =

∫

sec2 xdx+ c,

or

yx sec x = tanx+ c,

where,c is an arbitrary constant.
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27.2.2 Problem 2

Solve (1 + x2)
dy

dx
= x(1− y).

Solution: Rewriting the given differential equation in standard form

dy

dx
+

x

1 + x2
y =

x

1 + x2
.

The I.F. is

I.F. = e
∫

x

1+x
2
dx

= e
1
2
ln(1+x2) =

√

1 + x2.

The solution is

y
√

1 + x2 =

∫

x
√
1 + x2

+ c ⇒ y = 1 + c (1 + x2)−1/2

Herec is an arbitrary constant.

27.3 Equations Reducible to Linear Form

A equation of the form

f ′(y)
dy

dx
+ Pf(y) = Q, (27.5)

can be reduced to linear form, by substitutingf(y) = v so thatf ′(y)dydx = dv/dx. The

Equation (27.5) then becomes

dv/dx+ Pv = Q, (27.6)

which is linear inv andx and its solution can be obtained with the help of I.F. as before.

Thus, we have an I.F.=e
∫
pdx and the solution is

ve
∫
pdx =

∫

Qe
∫
Pdxdx+ c.

Finally, we replacev by f(y) to obtain the required solution.

27.4 Example Problems

27.4.1 Problem 1

Solve
dy

dx
cos y + 2x sin y = x.
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Solution: Substitutionsin y = v which impliescos y dy
dx = dv

dx reduces the given differential

equation to
dv

dx
+ 2xv = x.

This is a linear differential equation of first order and its I.F. ise
∫
2xdx = ex

2

. The solution

of the equation inv is given by

vex
2

=

∫

xex
2

dx+ c ⇒ v =
1

2
+ ce−x2.

Replacingv by sin y we get the required solution as

y = sin−1

(

1

2
+ ce−x2

)

.

27.4.2 Problem 2

Solve
dy

dx
+ x sin 2y = x3 cos2 y

Solution: Dividing the given differential equation bycos2 y, we obtain

sec2 y
dy

dx
+ 2x tan y = x3.

Puttingtan y = v so thatsec2 y dy
dx = dv

dx . Hence the above equation becomes

dv

dx
+ 2xv = x3,

which is linear. Its I.F. isex
2

and its solution is given as follows

vex
2

=

∫

ex
2

x3dx+ c,

vex
2

=
1

2
(x2 − 1)ex

2

+ c.

Replacingv by tan y we obtain the required solution.

27.5 Bernoulli’s Equation

An equation of the form

dy/dx+ Py = Qyn (27.7)
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whereP andQ are constants or function ofx only andn is constant except0 and1 is

called Bernoulli differential equation. This equation caneasily be solved by multiplying

both sides byy−n as

y−ndy/dx+ Py1−n = Q (27.8)

Settingy1−n = v, so thaty−n dy
dx = 1

(1−n)
dv
dx , the Equation (27.8) becomes

dv/dx+ P (1− n)v = Q(1− n),

which is linear inv andx. Its I.F. ise
∫
P (1−n)dx and hence the required solution is

y1−ne
∫
P (1−n)dx =

∫

Qe
∫
P (1−n)dxdx+ c,

wherec is an arbitrary constant.

27.5.1 Example

Solve x
dy

dx
+ y = y2 ln x .

Solution: Rewrite the given equation

y−2dy

dx
+

1

x
y−1 = −x−1 ln x (27.9)

Puttingy−1 = v so that−y−2 dy
dx = dv

dx . Then the Equation (27.9) gives

dv

dx
−

1

x
v = x−1 lnx. (27.10)

The I.F. of the differential Equation (27.10) ise−
∫

1
x
dx = 1

x , and hence the solution be-

comes

v
1

x
= −

∫

x−2 log xdx+ c

or by replacingv by y−1 we get

y−1 = 1 + ln x+ cx,

wherec is an arbitrary constant.
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