Module 3: Ordinary Differential Equations

Lesson 33

Method of Undetermined Coefficients

In the last lesson we have discussed operator method of grghrticular integral. In
this lesson we lean method of undetermined coefficientsridirfg particular integral of
non-homogeneous differential equations. This methodadively easier to apply once a
possible form of a particular integral is known. This metlsohainly applicable to linear
differential equations with constant coefficients.

33.1 Method of Undetermined Coefficients

The method of undetermined coefficients requires that weenaakinitial assumption
about the form of a particular solution of the differentigjuation, but with the coeffi-
cients left unspecified. We then substitute the assumedssion into the given differ-
ential equation and attempt to determine the coefficientsssio satisfy that differential
equation. If we are successful, then we have found a paatisolution of the differential
equation. If we cannot determine the coefficients, thenrtigans that there is no solution
of the form that we assumed. In this case we may modify th@ir@ssumption and try
again.

The main advantage of the method of undetermined coeffgisrthat it is straightfor-
ward to execute once the assumption is made as to the forne pfittiicular solution. Its
major limitation is that it is useful primarily for equatisrior which we can easily write
down the correct form of the particular solution in advaritlis method is usually used
only for problems in which the homogeneous equation hastanhsoefficients and the
nonhomogeneous term is restricted to a relatively smadisatd functions. In particular,
we consider only nonhomogeneous terms that consist of polials, exponential func-
tions, sines, and cosines. Despite this limitation, thehwebf undetermined coefficients
is useful for solving many problems that have important impgibns.

We shall demonstrate the method by taking a couple of diitezgamples.
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33.2 Example Problems

33.2.1 Problem 1

Solve the following initial value problem
y' + 5y +6y=22+1 (33.1)

with the initial conditionsy(0) = 0 andy/(0) = 3.

Solution: First we solve the corresponding homogeneous equation.ch@eacteristic
equation is
m24+5m+6 = m=—2,—3.

Hence the complementary function is
CF.= 016—293 + 026—393.

To find particular integral, the trick is to somehow to guesg @articular solution to
Equation (33.1). Note that: + 1 is a polynomial, and the left hand side of the equation
will be a polynomial if we lety be a polynomial of the same degree. Let us try

yp =Ar + B
We plug in to the differential equation to obtain

Y, + 5y, + 6y, =(Azx + B)" 4+ 5(Azx + B)' + 6(Ax + B)
=0+ 5A+6Ax + 6B = 6Ax + (5A+ 6B).

So06Ax + (5A + 6B) = 2z + 1. Therefore,

That means

Hence the general solution to (33.1) is

3r—1

y = Cre 2 + Che " + 5
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The general solution must satisfy the given initial cormatis. First find
1
y’ = —2016_2m — 3026_3m + 3

Then

1 1 1
O:y(O):C'1+C'2—§, gzy/(0)2—201—302+§.

We solve to get’; = 1/3 andC; = —2/9. The particular solution we want is

I 5, 2 40 3v—1 32273 43r-1
— —e _|_ = .
3 9 9 9

33.2.2 Problem 2

Find a particular solution of the differential equation

y" + 2y + 2y = cos(2x).

Solution: We start by guessing the solution that includes some meltptos(2x). We
may have to also add a multiple afi(2x) to our guess since derivatives of cosine are
sines. We try

yp = Acos(2z) + Bsin(2x).

We plugy, into the equation and we get
—4A cos(2x) — 4Bsin(2x) — 4Asin(2z) + 4B cos(2x) 4+ 2A cos(2x) 4 2B sin(2z) = cos(2x).

The left hand side must equal to right hand side. We groupsemd get-4A+4B+2A =
land—4B —4A+2B = 0. S0-24 + 4B = 1 and2A4 + B = 0 and henced = 77 and
B = 1. Hence a particular solution is

yp = Acos(2z) + Bsin(2z) = — COS(?x)lg 2sin(2r)
Remark 1: If the right hand side contains exponentials we try expdaént For
example, for

Ly — 63:76’

we will try y = Ae3* as our guess and try to solve fdr
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Remark 2: If the right hand side is a multiple of sines, cosines, exptaks, and

polynomials, we can use the product rule for differentiatio come up with a guess. We
need to guess a form fgy such thatLy, is of the same form, and has all the terms needed
to for the right hand side. For example,

Ly = (1 + 32%) e % cos(mz).
For this equation, we will guess
yp = (A + Bx + Ca?) e ¥ cos(nx) + (D + Ex + Fa?) e " sin(rx).

We will plug in and then hopefully get equations that we cdwestor A, B, C, D, E, and
F.

Remark 3: If the right hand side has several terms, such as
Ly = €** + cos z.

In this case we find that solvesLu = ¢?* andv that solves.v = cosz (that is, do each
term separately). Then note thatjif= u + v, thenLy = €2* + cosz. This is because is
linear; we haveLy = L(u +v) = Lu + Lv = ¢** 4 cos .

33.2.3 Problem 3

Find a particular solution of

y" — 3y — 4y = 3e* + 2sint — 8¢ cos 2t.

Solution: By splitting up the right side of the given differential eqgoa, we obtain the
three differential equations

y" — 3y — 4y = 3e%, y" — 3y’ — 4y = 2sint, y" — 3y’ — 4y = 8e' cos 2t

Solutions of these three equations can be found with aptepguess of the particular
integral discussed above. Finally, a particular solutgtheir sum, namely,

1 3 5 10 2
Y(t)= 56% + 7 costﬁ sint + 1—36%0321& + 1—36t sin 2t.
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The procedure illustrated in these examples enables usvie atarge class of problems

in a reasonably efficient manner. However, there is one diffichat sometimes occurs.

It could be that our guess actually solves the associate@geneous equation. The next
example illustrates how it arises.

33.2.4 Problem 4

Solve the following differential equation

y// o 9y — e?)x

Solution: In order to find a particular integral an intelligent guessilddoey = Ae3*, but
if we plug this into the left hand side of the equation we get

Y — 9y = 9A4e3" — 943 = (0 £ 2.

There is no way we can choodeo make the left hand side ké&® because our guess sat-
isfies homogeneous equation. Note that the general sohitible homogeneous equation
IS

C.F. = Cre 3 4 Coe™

Thus our assumed particular solution is actually a solutibthe corresponding homo-
geneous equation; consequently, it cannot possibly beuti@olof the nonhomogeneous
equation. To find a particular solution we must thereforesader functions of a some-
what different form. We modify our guess o= Aze3* and notice there is no difficulty
anymore. Note thaf’ = 4e3* + 3Aze3” andy” = 6A4e3* + 9Aze3*. So

y" — 9y = 6Ae3” + 9Axe3” — 9Axe’” = 6Ae3”.

Thus6Ae® is supposed to equal®. HenceA = 1 and so4 = . We can now write the
general solution as

1
Y=Y+ Yp= Che 3% + Ched® + 6 ze?.

33.2.5 Problem 5

Find a particular solution of
y" + 4y = 3cos 2t
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Solution: First we write its complimentary function
C.F. =c¢1cos2t + cosin 2t
As in earlier example, we guess
yp = At cos2t + Btsin 2t

Then, upon calculating, andY,’, substituting them into the given differential equation,
we find that
4Asin 2t + 4B cos 2t = 3cos2t

ThereforeAd = 0 andB = 3/4, so a particular solution of the given differential equati®

3
yp(t) = Zt sin 2t

Remark 4: Itis also possible that multiplying bydoes not get rid of the problem we
had faced in last two examples. For example,

y// _ 6y’ + 9y = €3I.

The complementary solution is = C1e3* + Coze3®. Guessing, = Ae3® or y = Axe3®
would not get us anywhere. In this case we will gugss Az2e3?.
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